A possible interaction between uncharged particles and the
  Electromagnetic field by Novello, M. & Ducap, C. E. L.
ar
X
iv
:1
61
1.
05
76
4v
1 
 [g
r-q
c] 
 16
 N
ov
 20
16
A possible interaction between uncharged particles and the
Electromagnetic field
M. Novello and C.E.L. Ducap
Centro de Estudos Avanc¸ados de Cosmologia (CEAC/CBPF)
Rua Dr. Xavier Sigaud, 150, CEP 22290-180, Rio de Janeiro, Brazil
(Dated: October 28, 2018)
Maxwell Electrodynamics can be described either in Minkowski space-time or in a
dynamically equivalent way in a curved geometry constructed in terms of the electro-
magnetic field. For this the field must have a superior bound limited by a maximum
value of its energy. After showing such geometric equivalence we investigate the
possibility that new processes dependent on the metric structure may appear. In
particular for very high values of the field a direct coupling of uncharged particles
to the electromagnetic field is predicted.
I. INTRODUCTION
We would like to point out from the very beginning that the geometric phenomenon in
the realm of Electrodynamics that we describe in this work has only few similarities with
the crucial ideas of geometry that are present in general relativity [1] or in other analogous
geometric approaches like, for instance, the one produced by Gordon [2] [3] or in the re-
cent theory of metric relativity [4]. In those theories the methodology can be synthesized
in a single idea: to eliminate a force field that produces acceleration on bodies. This is
accomplished using a geometric formulation that describes accelerated paths in Minkowski
background as geodesics in another geometry. Nothing similar here. Thus we are not on the
way to produce a geometric formulation of the Electromagnetic field in the Einstein’s sense,
but instead we use a specific form of geometry, constructed with the electromagnetic field, to
show an equivalent way to describe its dynamics. In other words, Maxwell electrodynamics
described in a Minkowski space-time can be equivalently described as a specific non-linear
theory in an associated electromagnetic geometry (e-geometry for short). We analyze the
behavior of test particles in this formulation. We are then led to examine a further con-
sequence of such geometric way assuming that this effective metric is universal, that is it
pervades the space-time for all kinds of particles. Then an immediate question arises: how
to conciliate this proposal with the observation that there exist particles which are inert in
2an electromagnetic field? The solution of this is related to the intensity of the field. Indeed,
the effects of such geometric formulation are important only for very high values of the field,
in the verge of its maximum possible value, which we name β. We analyze the total trans-
parency of uncharged particles when passing through a domain of space-time filled with an
electromagnetic field and question the absolute restriction that such property imposes.
In the first moment, we will show that the presence of an equivalent metric associated
to the space-time can be used to describe the electromagnetic field. Having defined this
electromagnetic metric (e-metric, for short) two ways to couple fields to the electromagnetic
field appear:
• The standard minimal coupling principle which changes the derivative ∂µ into the form
∂µ − i e Aµ;
• Minimal coupling with the e-metric which changes ∂µ into a covariant derivative ∇µ
defined in terms of the connection of the metric.
A charged particle interacts through both channels, an uncharged particle only trough the
e-metric channel.
The e-metric contains not only the electromagnetic tensor Fµν but also a constant β. We
shall see that this constant is interpreted as the maximum possible value for the electromag-
netic field. All new results in this work rely upon the existence of an upper limit. If this
value is taken to be infinite, then the e-metric becomes identical to the Minkowski back-
ground and we recover that uncharged bodies do not interact with the electromagnetic field.
In this vein, the new properties concerning the possibility of a new channel of interaction
with the electromagnetic field which does not conflict with standard observations depends
upon the smallness of the quantity 1/β that controls the intensity of the e-metric.
II. THE CORRESPONDENCE BRIDGE
Recently it has been argued [4] that the standard Maxwell Electrodynamics in a
Minkowski background can alternatively be described as a nonlinear theory described in
a curved space endowed with a metric constructed with the electromagnetic field itself.
These two dynamics are just one and the same. We present a rather simple but direct proof
of this statement.
3Let SM represent the free part of Maxwell’s action in Minkowski space-time:
SM = −
∫ √−η F d4x
where η is the determinant of the Minkowski metric,
F = Fµν F
µν = Fαµ Fβν η
αβ ηµν
and for completeness we name the other invariant G by
G = F ∗µν F
µν =
1
2
ηαβµν Fαβ Fµν
where ηαβµν = −εαβµν/√−η.
Define the electromagnetic metric as [5]
eˆµν = ηµν − 1
β2
Φµν (1)
in which the constant β2 has the dimension of [F ] and Φµν = F µα Fα
ν .
The determinant of the e-metric is given by
√
−eˆ =
√−η
U
where
U = 1 +
F
2 β2
− G
2
16 β4
.
In the case of a pure electrostatic field U = 1 − E2/β2. From the form of the determinant
and to keep the geometry (eq. 1) well-behaved the quantity U should not change sign. This
yields a limitation for the field, that is
E2 < β2.
We can thus attribute to the constant β the meaning of the maximum possible value for the
field [7]. For latter application, we explicit the identity
Φµ
αΦαν =
1
16
G2 ηµν −
1
2
F Φµν .
We assume that the e-metric is riemannian, that is, there is a covariant derivative con-
structed with this metric in such way that it obeys the metricity condition
eˆµν ;α = 0
4which allows to define a connection
Γˆαµν =
1
2
eˆαλ (eˆλµ,ν + eˆλν,µ − eˆµν,λ)
where a comma means ordinary derivative. We use a hat to characterize objects that are
represented in the e-metric. The inverse metric defined as
eˆαν eˆνβ = δ
α
β
is given by
eˆµν = Aηµν +BΦµν
where
A =
2 + F/β2
2U
(2)
B =
1
β2U
. (3)
We remind that for any non-hat tensorial quantity all properties concerning the rela-
tionship between covariant and contra-variant indices are performed by Minkowski metric
ηµν . The effect of the map from Minkowski geometry into the e-metric does not change the
covariant form of the electromagnetic tensor, that is
Fˆµν = Fµν .
It then follows for the contra-variant form
Fˆ µν = eˆµα eˆνβ Fαβ = (ΣF
µν +ΠF ∗µν) (4)
Consequently the associated invariants Fˆ and Gˆ are related to their corresponding ones
in the Minkowski space by
Fˆ = (ΣF +ΠG) (5)
and
Gˆ = U G (6)
where
Σ = 1 +
F
β2
+
1
4 β4
(F 2 +
G2
4
) (7)
5and
Π =
1
2 β2
G (
1
4 β2
F + 1). (8)
With these preliminaries we are prepared to prove the equivalence of dynamics contained
in the following
Proposition: The dynamics of Maxwell Electrodynamics in Minkowski space-time can be
equivalently described as a non-linear Electrodynamics in a curved space-time endowed with
another metric written in terms of the electromagnetic field.
Let us consider the action defined in the e-space:
Sˆ =
∫ √
−eˆ Lˆ d4x (9)
To write this action in terms of the Minkowski metric we must insert in it the functions
of the determinant of the e-metric and the Lagrangian Lˆ in terms of the quantities F and
G. The inverse functions, that is, F and G in terms of Fˆ and Gˆ are very intricate algebraic
expressions with which we will deal later on. For the time being we do not need to know
their formulas explicitly. Indeed, consider that the Lagrangian Lˆ(Fˆ , Gˆ) is such that written
in terms of the quantities F and G gives
Lˆ(Fˆ , Gˆ) = U F.
Using the expression of the determinant the action (9) goes into Maxwell dynamics
Sˆ =
∫ √−η F d4x.
An explicit example
Consider the Lagrangians Lˆ1 and Lˆ2 :
Lˆ1 = Ω
−2 (10)
and
Lˆ2 = Ω Gˆ
2 (11)
where the scalar Ω is defined by
6Ω ≡
√−e√−η (12)
Let us set for the dynamics the combined action
S = − β
2
2
(
S1 +
1
16 β4
S2
)
= − β
2
2
∫ √
−eˆ
(
Lˆ1 +
1
16 β4
Lˆ2
)
(13)
This dynamics, when described in the Minkowski scenario is nothing but linear Maxwell
electrodynamics. The proof is straightforward. Indeed, this action can be re-formulated as
δ S1 = −
β2
2
δ
∫ √−η
U
U2 d4x
δ S2 = −
β2
2
δ
∫ √−η
U
U−1 Gˆ2 d4x
or
δ S2 = −
β2
2
δ
∫ √−η
U
U−1 U2G2 d4x
Then
δS = − β
2
2
δ
∫ √−η (1 + F
2 β2
)
d4x (14)
which, apart from a cosmological term, reproduces Maxwell’s electrodynamics.
In the other way round we can use the relations
F µν =
1
Σ
Fˆ µν − ΠΩ
Σ
∗Fˆ µν (15)
∗F µν =
1
Ω
∗Fˆ µν . (16)
where in the expressions for Σ and Π given by eq. (7, 8) F and G must be transformed in
terms of Fˆ , Gˆ. The invariants F and G take the form
F = 2 β2
(
1− 1
Ω
− 1
16 β4
Gˆ2Ω2
)
and
G = GˆΩ.
7Then we recognize immediately that the Lagrangian
LM = 2 β
2
(
1
Ω
− 1
Ω2
− 1
16 β4
Gˆ2Ω
)
is nothing but Maxwell dynamics written in the e-metric.
Topological invariant
In the e-metric the topological invariant has the same expression as in the Minkowski
metric. Indeed, set
I =
∫ √−e Gˆ d4x.
Using the bridge relation we re-write this action as the topological invariant in Minkowski
space-time:
I =
∫ √−η G d4x.
Inverse formula
The inverse expressions of formulas (15) and (16) that relates F andG to its correspondent
in the e-metric are very involved. However we can obtain valuable information if we restrict
our calculations up to order O(1/β2). We find
F µν ≈ Fˆ µν − 1
2 β2
[
Fˆ Fˆ µν − Gˆ
2
∗Fˆ µν
]
(17)
Thus
F ≈ Fˆ − 1
β2
(Fˆ 2 +
1
2
Gˆ2)
G ≈ Gˆ− 1
2 β2
(Fˆ Gˆ).
It then follows that Maxwell’s dynamics can be described in two equivalent ways:
• Standard formulation in the Minkowski background:
8(√−η F µν)
, ν
= 0.
• Alternative formulation in the e-metric:
(√
−eˆ
[
1
ΩΣ
Fˆ µν − Π
Σ
∗Fˆ µν
])
, ν
= 0
where in the expressions of Σ and Π given by eq. (7, 8) F and G must be transformed in
terms of Fˆ , Gˆ. Using the approximation up to order 1/β2 we obtain
(√
−eˆ
[
Fˆ µν − 1
2 β2
(Fˆ Fˆ µν − Gˆ ∗Fˆ µν)
])
, ν
≈ 0
The source
Let us now consider the case in which a current is introduced changing the dynamics into
the form
1√−η
(√−η F µν)
, ν
= Jµ. (18)
which can be written in terms of the e-metric in the approximation we are considering as
1√−eˆ (1−
Fˆ
2 β2
)
[√
−eˆ
(
Fˆ µν − 1
2 β2
(Fˆ Fˆ µν − Gˆ ∗Fˆ µν)
)]
, ν
≈ Jµ. (19)
or, using the covariant derivative ( ; ) it becomes
(
Fˆ µν − 1
2 β2
(Fˆ Fˆ µν − Gˆ ∗Fˆ µν)
)
; ν
≈ Jˆµ (20)
where
Jˆµ = (1 +
Fˆ
2 β2
) Jµ.
The conservation of the current can thus be expressed either in the Minkowski background
Jµ, µ = 0
9or equivalently in the e-metric as
Jˆµ;µ = 0
using the covariant derivative of the e-metric.
A. Synthetic comments
Let us pause for a while and consider what we have achieved. We have shown that there
are two equivalent formulations of Maxwell Electrodynamics, to wit:
• Maxwell linear action in a given frozen metric, say, Minkowski geometry ηµν ;
• A non-linear action written in terms of an electromagnetic metric described in terms
of the electromagnetic tensor.
The description of Electrodynamics in either one of these approaches is just a matter of
taste. We note that this equivalence is valid not only in the case of linear Maxwell theory
but is true for any non-linear Electrodynamics that preserves gauge invariance. Besides, the
background does not need to be restricted to Minkowski space-time but may be any metric
gµν .
There is one consequence of this equivalence in the realm of the analysis of the test
particles that we would like to explore here. The world of elementary particles shows that
there are particles that do not interact with the electromagnetic field. Another way to
state this fact is to say that these particles do not have electric charge. This is an obvious
statement in the standard gauge framework. However, in the e-metric formulation such
identification is no more true. We can imagine, at least as a working hypothesis that it
may be possible to generate a direct interaction of a neutral particle, say a neutrino, and
the electromagnetic field that mimics the behavior of gravitational interaction. Indeed, we
have learned from general relativity that the existence of a metric changes the properties of
measuring distances and times in an universal way. Otherwise it is just a convenient tool to
describe certain particular properties, as is the case of Gordon’s analysis of propagation of
light in moving dielectrics or in Unruh’s sound propagation [3].
Thus it seems worth to investigate the consequences of the universality hypothesis of the
e-metric, representing the modification on all kind of matter imbedded in an electromagnetic
10
field.
In this vein charged particles acquire two channels of interaction: the standard one (that
needs a charge to establish the contact of the body with the electromagnetic field) and
another one mediated by a modification of the geometry, a process that is made theoretically
possible only after the introduction of the e-metric associated to the electromagnetic field.
Assuming universality of the geometric structure implies that uncharged bodies do interact
with the electromagnetic field trough the e-metric channel.
III. TEST PARTICLES IN A GIVEN ELECTROMAGNETIC FIELD: THE CASE
OF FERMIONS
The possibility to describe electrodynamics in terms of a modification of the metric of
space-time opens a new scenario to investigate the interaction of particles of any kind to the
electromagnetic field. Let us explore this possibility for a fermion. In Minkowski space-time
a free fermion is described by Dirac’s equation:
i γµ ∂µΨ−mΨ = 0,
where we take ~ = c = 1. In the presence of an electromagnetic field, the gauge principle
states that the interaction of a fermion endowed with charge e is provided by the substitution
∂µ → ∂µ − i e Aµ.
This form of coupling requires the existence of a charge e. Equivalently, only charged
particles interact with the electromagnetic field. However, the possibility to treat the elec-
tromagnetic interaction in terms of a modification of the metric opens another theoretical
treatment that is worth of examination.
First of all we recognize that the existence of a dimensionless metric allows the possibility
to couple any particle to the electromagnetic field through the minimal coupling principle
in a similar way as it is done in the gravitational interaction in the framework of general
relativity. It is understood that a charged body have two channels of interaction: the
standard gauge principle as stated above and the geometrical one through the interaction
with the e-metric. Let us concentrate here only in the second mode. The starting point
concerns the definition of an internal connection Γˆµ according to Fock and Ivanenko. Thus
11
the minimal coupling of an uncharged fermion to an electromagnetic field takes the form
i γˆµ ∇ˆµΨ−mΨ = 0. (21)
where the internal covariant derivative is given by
∇ˆµΨ = ∂µΨ− ΓˆµΨ
through the Fock-Ivanenko coefficient defined by [8]
Γˆµ = −
1
8
(
γˆλ γˆλ ,µ − γˆλ ,µ γˆλ − Γˆ̺µα (γˆα γˆ̺ − γˆ̺ γˆα)
)
(22)
From the form of the metric
eˆµν = ηµν − 1
β2
Φµν
where
Φµν = F µα Fα
ν .
Note that the gamma matrices satisfy the relation
γˆµ γˆν + γˆν γˆµ = 2 eˆµν I
where I is the identity of the Clifford algebra. We can then write γˆµ in terms of the constant
matrices of the Minkowski background γµ :
γˆµ = P µα γ
α (23)
where
P µα = δ
µ
α −
1
β
F µα.
The inverse covariant expression γˆµ = eˆµν γˆ
ν is given by
γˆµ = γ
α
(
Aηµα −
1
β
(A− F
2 β2U
)Fµα +
G
4 β3U
F ∗µα +
1
β2 U
Φµα
)
,
where A was defined in the inverse expression of the metric eq.(2). To simplify notation we
re-write it as
γˆµ =Mµα γ
α.
12
Note that Mµα has no definite symmetry. Using this into the expression of the spinor
connection we obtain
− 8 Γˆµ = P λα
(
Mλβ ,µ − Γˆ̺µλM̺β
)
Σαβ (24)
where Σαβ = γα γβ − γβ γα. Now, we have
γˆµ Γˆµ = −
1
8
(
γµ − 1
β
F µε γ
ε
)
YαβµΣ
αβ
where
Yαβµ = P
λ
α
(
Mλβ,µ − Γˆ̺µλM̺β
)
Using the identity
γµΣ̺ν = 2 ηµ̺ γν − 2 ηµν γ̺ + 2 i εµ̺νσ γ5 γσ (25)
the equation of the uncharged fermion written in the Minkowski metric takes the form
i γµ ∂µΨ+
i
β
F µν γµ ∂νΨ+ i Cµ γ
µΨ−Dµγ5 γµ Ψ−mΨ = 0 (26)
where
Cµ =
1
4
(
Yαµ
α − Yµαα +
1
β
Yαµβ F
αβ − 1
β
Yµελ F
ελ
)
Dµ =
1
4
(
Yαβλ ε
αβλ
µ −
1
β
Yαβσ F
σ
ε ε
εαβ
µ
)
.
We find three forms of coupling between an uncharged fermion and the electromagnetic
field, that we can synthesize in the following way:
Cµ Ψ¯ γ
µΨ;
F µν Ψ¯ γµ ∂νΨ;
Dµ Ψ¯ γ
µ γ5Ψ.
It is immediate to recognize that without any limit for the electromagnetic field, that is,
in the present framework, to take the limit β → ∞ all these three forms of coupling
disappears. This is the case of standard Maxwell theory: no limit for the energy of the field
and consequently no electromagnetic interaction for the uncharged particle.
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IV. BACK-REACTION: THE INFLUENCE OF UNCHARGED FERMIONS ON
THE DYNAMICS OF THE ELECTROMAGNETIC FIELD
In the previous section we described the influence of the electromagnetic field on un-
charged fermions. Let us now consider the back-reaction that affects the dynamics of the
electromagnetic field. To simplify our presentation (and due to the fact that the value of β
is very high) we will limit our analysis to second order O(1/β2.)
We set the total action S = SEM +SΨ. In the Minkowski background the free Lagrangian
for the electromagnetic field is given by
LEM = −
1
4
F.
Assuming the minimal coupling of the fermion with the e-metric provides the following
action for the fermion
SΨ =
∫ √
−eˆ
(
i
2
Ψ¯ γˆµ ∇ˆµΨ−
i
2
∇ˆµΨ¯ γˆµΨ−m Ψ¯Ψ
)
(27)
In order to re-write this interaction in the Minkowski background we list the approxima-
tions of the relations that we need to obtain the covariant derivative and the determinant
of the e-metric. They are:
√
− eˆ ≈ √−η (1− F
2 β2
) ≈ √−η (1− Fˆ
2 β2
)
G ≈ Gˆ− Fˆ Gˆ
2 β2
A =
2 + F/β2
2U
≈ 1
Mµν ≈ ηµν −
1
β
Fµν +
1
β2
Φµν
eˆµν ≈ ηµν +
1
β2
Φµν
γˆµ ≈ γµ −
1
β
Fµ
α γα +
1
β2
Φµ
α γα
14
8 Γˆµ ≈
(
1
β
Fαβ ,µ −
1
β2
(Fλα F
λ
β ,µ + Φαµ ,β )
)
Σαβ .
From these expressions we obtain
Γˆ̺µα (γˆ
α γˆ̺ − γˆ̺ γˆα) ≈
1
β2
Φαµ , β Σ
αβ
Then eq. (27) becomes
SΨ =
∫ √−η (L1 + L2 + L3) (28)
where
L1 ≈ (1−
F
2 β2
)
(
i
2
Ψ¯ γµ ∂µΨ−
i
2
∂µΨ¯ γ
µΨ−m Ψ¯Ψ
)
L2 ≈
i
2 β
[Ψ¯ γα ∂βΨ− ∂βΨ¯ γαΨ]F αβ
L3 ≈ i (−Zµαβ + Pµαβ)
(
Ψ¯ γµ Σαβ Ψ+ Ψ¯Σαβ γµΨ
)
and in the approximation up to order O(1/β2) we have
Zµαβ ≈
1
16 β
Fαβ ,µ
Pµαβ ≈
1
16 β2
(
Fλα F
λ
β ,µ + Φαµ ,β + F
λ
µ Fαβ ,λ
)
which provides the modification on the dynamics of the electromagnetic field due to the
uncharged particles.
V. FINAL COMMENTS
The description of Maxwell electrodynamics in terms of a special modification of the
metric of space-time opens a new possible interaction of particles with the electromagnetic
field besides the standard gauge through the form ∂µ− i e Aµ, a procedure that can be used
only to charged particle. The method of the electromagnetic metric to describe Maxwell
electrodynamics allows another possibility concerning both, charged and uncharged particles.
In this paper we suggest that the electromagnetic metric could be used as a new channel
15
of interaction for all particles with the electromagnetic field. This universality, which seems
weird at first glance, could be conciliated with observations once the new effects appear only
for very high values of the electromagnetic field. We have shown how this hypothesis can
be analyzed. The formal existence of the electromagnetic metric requires a bound for the
maximal value of the field which we named β. The present model is not able to precise the
value of β [9]. If there is no superior limit for the electromagnetic field, setting β to ∞
corresponds to the standard formulation of Electrodynamics.
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VI. APPENDIX: CHARGED BODIES IN AN ELECTROMAGNETIC FIELD
Let us consider now what are the modifications of the electromagnetic force on a test
particle endowed with velocity vµ due to the presence of the associated e-metric. We set
vˆµ = vµ.
The contra-variant form is given by
vˆµ = eˆµν vˆν = (1−
E2
β2
) vµ − 2
β2
qµ
where qµ = 1
2
ηµναβ Eν vαHβ is the heat flux (Poynting vector). We remind that for any
non-hat tensorial quantity all properties concerning the relationship between covariant and
contra-variant indices are performed by Minkowski metric ηµν .
In the standard formulation of Maxwell’s theory in Minkowski space-time an uncharged
particle does not interact with the electromagnetic field. The gauge principle that guide
such interaction needs a dimensional quantity, the charge, to implement this interaction.
Thus, there is no room for coupling directly an uncharged particle to the electromagnetic
field. However, from the knowledge of the e-metric a new possibility appears. In order to
analyze the motion of the particle in the e-metric we proceed starting from first principles
16
and using directly a formal expression to analyze the acceleration suffered by a charged or
an uncharged particle. We make appeal to the intimate relationship between the field and
the metric. Indeed the acceleration is given by
aˆµ = vˆµ ; ν vˆ
ν =
(
vˆµ , ν − Γˆαµν vˆα
)
vˆν . (29)
We can then proceed and develop the connection to obtain
Γˆαµν vˆα vˆ
ν =
1
2
eˆλν ,µ vˆ
λ vˆν
Let us deal with the simplest case where we can set qµ = 0 and
vµ ,ν = aµ vν
Using the inverse metric eˆµν we have
eˆλν ,µ vˆ
λ vˆν = (1− E
2
β2
)2
(
X, µ − 2 eˆλν aλ vν vµ
)
(30)
where
X ≡ 1
U
(
1 +
H2
β2
)
.
Then the acceleration in the e-metric is given by:
aˆµ = (1−
E2
β2
) aµ −
1
2
(1− E
2
β2
)2X,µ. (31)
where aµ = q Fµν v
ν is the acceleration in the limit β → ∞ and q is the charge. Then we
can re-write the acceleration up to order O(1/β2) as
aˆµ =
q
m
Fˆµν vˆ
ν − 1
2 β2
(E2 +H2), µ (32)
where we are using c = 1. This is the form of action of the electromagnetic field on a test
particle. Note that correction on the Lorentz force appears only if the field is high enough,
that is, if we can not neglect terms of order E2/β2. For uncharged bodies only the second
term of (32) survives. If there is no limit for the values of the field and we can take β →∞
this formula reduces to the Lorentz force.
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